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a b s t r a c t
Relativistic transformations proposed in [A. Einstein, Zur Elektrodynamik der bewegter
Körper. Ann. der Physik, 17 (1905) 891–921] are based on the speed V of a signal
transmitting the information and on the relative speed v of a frame (k) moving with
respect to a still frame (K), which velocities are considered as given constants. These
transformations reflect the links that exist between motions and processes observed in
one system from another, and with this theory some experimental effects (aberration,
Doppler effect, pressure of light) were explained, and some other effects were predicted,
and then confirmedexperimentally. However, there is noneed to postulate relative velocity
v as a known constant since, using the original Einstein’s model of time synchronization
and appropriate signals with known speed of propagation V , the relative velocity v of a
moving frame (spacecrafts, asteroids, particles in accelerators) can be measured. In this
paper, the observation method, reverse to that of Einstein, is presented, and the limit of
observable relative velocities is found which is 30% less than the speed of a signal used for
the observation. For example, if a radar or rays of light are used for the observation, then
relative velocities |v| < V ∼= 300 000 km/s can theoretically be considered, but only the
velocities |v| < 2−0.5V = 0.7071V ∼= 212 132 km/s can be directlymeasured in still frame
(K)with a radar or rays of light. Themethod is applicable also to variable relative velocities
v(t) 6= const , which opens the possibility for relativistic feedback control of processes in a
frame moving arbitrarily with respect to a still frame.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The relative speed v in Einstein’s consideration is assumed to be known. However, the relative speed v of an asteroid
in space or a particle in accelerator, even if constant, is normally unknown and must be identified before relativistic
transformations could be used to determine the values of time and coordinates in a moving coordinate system related to an
asteroid in space or to a particle in accelerator. This identification can be done in the originalmodel of Einstein using discrete
pulses of a radar or rays of light with reflection and on-line computation of the speed v through the γ -representation of the
classical relativistic transformations. Thereby, just two pulses are sufficient to compute a constant speed v; otherwise, a
piecewise linear approximation of the observed motion is obtained with average values of velocities and other parameters
for every discretization interval. Hence, Einstein’s relativistic transformations originally established to explain somephysical
phenomena experimentally observed in systems one of which ismovingwith a constant relative velocity with respect to the
other, are applicable (in somemodified form) to systems with unknown (variable) relative velocity v which can bemeasured
if |v| < 2−0.5V ∼= 0.7V . Moreover, relativistic observation of a moving frame is possible from a non-still (non-inertial)
coordinate system, but not with the classical relativistic transformations which are established under the conditions of
constant velocities. A gap between the physically observable for |v| < 0.7V and theoretically considered relative velocities
|v| < V in special relativity creates difficulties in the observation and control of fast moving particles and of processes in
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frames moving at very high velocities. This fact and the mode of observation and control need thorough consideration, and
some points related to the problem are studied in this paper.
The paper is organized as follows. In Section 2, Einstein’s definition of simultaneity is reproduced in quotations from
his basic paper [1, Sections 1–2]. Section 3 presents a simple alternative derivation of the time transformation using
linear function with undetermined coefficients, then Einstein’s relativistic transformations, the µ-meson example, and
discussion of the time contraction phenomenon and of the Vavilov–Cherenkov radiation. In Section 4, the γ -representation
is considered in conjunction with the spherical wave propagation and with the Lorentz invariant. In Section 5, distance
measurements are used to compute the average velocities of a moving frame (k) observed from (K), if the relative velocity v
is unknown or variable. Section 6 presents the natural limit of observable relative velocities. In Section 7, a variable velocity
v(t) 6= const is considered, and discrete representations are used to define continuous piecewise linear approximations
of relativistic transformations for motions with variable velocity. In Section 8, the abstract and real time are discussed in
their relation to the notion of simultaneity. Section 9 presents the synchronization equation in real time. In Section 10, the
relativistic transformations for the observation and control in real time are presented, with evaluation of errors that may be
introduced by the use of rays of light for distance measurements. Section 11 presents a summary of main results followed
by the references immediately relative to the problems considered.
2. Definition of simultaneity [1, Sections 1,2]
This is the title of the first section from which we reproduce the original Einstein’s description of time and simultaneity
in an English translation from the Russian edition [2, pp. 8–10]. For a coordinate system ‘‘in which are valid the equations
of mechanics of Newton’’, called ‘‘still system’’, or system at rest, the following is written.
‘‘When required to describe a motion of a material point, we specify the values of its coordinates as functions of time.
Thereby it should be noted that such mathematical description has a physical sense only if it is first understood what is
meant by the ‘‘time’’. We should pay attention to the fact that all our considerations in which time plays a role are always
the considerations about simultaneous events’’. Then we read on p. 9 of [2]:
‘‘If at point A of a space there is a clock, then an observer at A can establish the time of events in an immediate proximity
of A by observing the simultaneous with those events positions of the hands of the clock. If at another point B of the space
there is also a clock (we add ‘‘identical to the one at A’’), then in an immediate proximity of B it is also possible to make a
time estimate of events by an observer at B. However, it is impossible without further hypotheses to compare the timing of
an event at A with an event at B; we have yet defined only ‘‘A-time’’ and ‘‘B-time’’ but not the common for A and B ‘‘time’’.
The latter can be established by introducing a definition that the ‘‘time’’ necessary for passing of a ray of light from A to B is
equal to the ‘‘time’’ necessary for passing of a ray of light from B to A. Consider that at a moment tA of ‘‘A-time’’ a ray of light
leaves from A to B and is reflected at a moment tB of ‘‘B-time’’ from B to A returning back to A at a moment t ′A of ‘‘A-time’’.
The clocks at A and Bwill be, by definition, synchronized, if
tB − tA = t ′A − tB. (1)
We assume that this definition of synchronization can be made in a non-contradictory manner, and furthermore, for as
many points as desired, thus, the following statements are valid:
(1) if the clock at B is synchronized with the clock at A, then the clock at A is synchronized with the clock at B;
(2) if the clock atA is synchronizedwith the clock at B andwith the clock at C , then the clocks at B and C are also synchronized
with respect to each other.
Thus, using certain (thoughtful) physical experiments, we have established what should be understood as synchronized
located in different places still clocks, and thereby we evidently achieved definitions of the concepts: ‘‘simultaneity’’ and
‘‘time’’. ‘‘Time’’ of an event means simultaneous with the event indication of a still clock which is located at the place of the
event and which is synchronized with certain still clock, thereby with one and the same clock under all definitions of time.
According to experiments, we also assume that the value
2AB/(t ′A − tA) = V (AB is the length of a segment) (2)
is a universal constant (the speed of light in vacuum).
It is essential that we have defined timewith the help of still clocks in a system at rest; we shall call this time that belongs
to a system at rest, ‘‘the time of the still system’’.
Further considerations are based on the principle of relativity and on the principle of constancy of the speed of light. We
formulate both principles as follows.
1. Laws which govern the changes of state of physical systems do not depend on which of the two coordinate systems,
moving with respect to each other with a constant speed along a right line, these changes relate.
2. Every ray of light propagates in a ‘‘still’’ system of coordinates with certain speed V irrespective of whether the ray of
light is issued by a resting or moving source.
Thereby, formula (2) applies, and the ‘‘segment of time’’ should be understood in the sense of the above definition’’.
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3. Einstein’s relativistic transformations [1, Section 3]
We now quote passages from [2, pp. 13–14] related to the theory of time transformation. ‘‘Consider in a ‘‘still’’ space two
3D Cartesian frames with a common origin and parallel axes, each equipped with scales and clocks which are identical in
both frames. Now, let the origin of one of those frames (k) be in motion with a constant speed v in direction of increasing
x of the other frame (K) which is at rest. Then, to each moment t of the still frame (K) corresponds certain position of the
axes of moving frame (k)whose axes can be assumed parallel to the axes of still frame (K).
Let the space in the still frame (K) be graduated with its scale at rest, and same for the space in the moving frame (k)
graduated with its scale, at rest with respect to (k), yielding coordinates x, y, z in (K) and ξ , η, ζ in (k). Using light signals
as described in [1, Section 1], see above, let us define time t in (K) and τ in (k)with the clocks at rest in each frame.
In this way, to the values x, y, z, t which define the place and time of an event in the still frame (K), there will correspond
the values ξ , η, ζ , τ that define the same event in the moving frame (k), and we have to find the system of equations that
link those values of coordinates and times.
First of all, it is clear that those equations must be linear according to the property of homogeneity which we ascribe to
the space and time.
If we denote x′ = x− vt , then it is clear that to a point at rest in the system (k)will correspond certain, independent of
time values x′, y, z. Let us determine τ as a function of x′, y, z, t , which would mean that τ corresponds to the readings of
clocks at rest in the moving frame (k) synchronized with the clocks in the still frame (K) by the rule (1)’’.
Choosing in (1) the point A as the origin of the moving frame (k) and sending at the moment τ0 = tA a ray of light along
the X-axis to the point x′ (point B) which ray is reflected back at the moment τ1 = tB to the origin where it comes at the
moment τ2 = t ′A, we have from (1) the following equation: τ1 − τ0 = τ2 − τ1 which is written in [1, Section 3], quote from
[2, p. 14, the first equation], in the form:
‘‘0.5(τ0 + τ2) = τ1, (3)
or, specifying the arguments of the function τ and using the principle of constancy of the speed of light in the system at rest
(K), we have
0.5[τ0(0, 0, 0, t)+ τ2(0, 0, 0, {t + x′/(V − v)+ x′/(V + v)})] = τ1[x′, 0, 0, t + x′/(V − v)]’’. (4)
The special relativity theory starts from the synchronization equation (3) and its mathematical representation (4) for a
ray of light along the X-axis (thus, vectors V , v, 0x, 0ξ are collinear). Following Einstein, we assume the constancy of V and
v, |v| < V , and his synchronization method, based on the physical process of light propagation, Section 2. Now, let us try to
find a linear function with undetermined coefficients
τ(x′, y, z, t) = at + bx′, a, b = const, (5)
that would satisfy Eq. (4) identicallywith respect to t and x′. Substituting (5) into (4) and noting that y = z ≡ 0 in (4), for a
ray of light along the X-axis, we have
0.5[at + a{t + x′/(V − v)+ x′/(V + v)}] ≡ bx′ + a[t + x′/(V − v)], ∀t, ∀x′. (6)
Multiplying (6) by 2 and canceling the terms with at on both sides, we get
a[x′/(V − v)+ x′/(V + v)] ≡ 2x′[b+ a/(V − v)], ∀x′. (7)
Simplifying (7), without division by x′, we see that the identity holds if and only if the constants a and b are chosen from
the equation
aV/(V 2 − v2) = b+ a/(V − v), |v| < V , (8)
that is,
b = aV/(V 2 − v2)− a/(V − v) = −av/(V 2 − v2), (9)
yielding in (8)
τ(x′, y, z, t) = a[t − vx′/(V 2 − v2)], |v| < V . (10)
We see that a linear homogeneous time transformation (5) corresponding to the synchronization equations (3)–(4) exists
for all t, x′, |v| < V , with arbitrary nonzero calibrating factor a(·) to be determined by additional requirements.
Substituting x′ = x− vt into (10) yields
τ = a[t − v(x− vt)/(V 2 − v2)] = a(t − vx/V 2)V 2/(V 2 − v2), (11)
so that the observed time τ is really homogeneous in t, x′ of (10) and in t, x of (11).
It is worth noting that if v = 0 then (7) reduces to 2x′b ≡ 0, thus, b = 0 in (5), and we return to Newtonian time τ = at
with arbitrary constant scale factor a 6= 0, in which case τ does not depend on x′, and Eqs. (4), (6) become trivial identities.
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According to initial conditions, a constant may be added in (5), which constant is cancelled out after the substitution of (5)
into (3), (4).
The analogue of this case is obtained for the Y -axis and Z-axiswith rays of light along those axes propagatingwith velocity
w = (V 2 − v2)0.5, if observed from the system at rest, the same for direct and reflected rays. Instead of Eq. (4), we would
have for the Y -axis, noting that τ does not depend on x′, z for this case:
0.5[τ0 (0, y, 0, t)+ τ 2(0, y, 0, t + 2y/w)] = τ1(0, 0, 0, t + y/w). (12)
Comparing (12) with (4), one can see that for a common function τ(x′, y, z, t), Eq. (4) with a ray of light along the X-axis
does not depend on y, z which implies zeros in the second and third place of τ(·) in Eq. (4). With a ray of light along the
Y -axis, Eq. (4) would not depend on x′, z which implies zeros in the first and third place in (12). As concerns the second
place in τ(·) of (12), it corresponds to a ray of light sent at a moment t from a point A on Y -axis where y > 0, see τ0(·), to the
origin of (k), point Bwith y = 0, see τ1(·), then reflected back to Awith the same y > 0, see τ2(·) in (12). In the fourth place
of τ(·) in (12), we see the same entries as in (4) with different time segments for distances covered by the ray of light: y/w
for AB in τ1(·) and 2yw for AB + BA (reflected light) in τ2(·), same as in (4) with a difference that along Y -axis we observe
velocityw, the same for direct and reflected rays, so that time y/w in (12) plays the role of terms x′/(V ± v) in (4).
Now, for τ = at + bx′ + hy+ rz we obtain from (12) multiplied by 2, cf. (6), (7):
hy+ at + hy+ a(t + 2y/w) ≡ 2a(t + y/w), ∀t, ∀y, (13)
yielding, after cancellation of identical terms, the relation 2hy ≡ 0, thus h = 0, and in the same way for Z-axis we would
have r = 0. Hence, model (5) is valid for all three axes.
The factor a(·) in (10), (11) is determined by Einstein [1, Section 3], [2, pp. 15–18], see also [3, pp. 1563–1564] for details,
as a = [1− (v/V )2]0.5, |v| < V , which yields the relativistic transformations well known in the literature:
τ = β(t − vx/V 2), ξ = β(x− vt), η = y, ζ = z, β = [1− (v/V )2]−0.5 ≥ 1, (14)
where β is Einstein’s calibration factor corresponding to (1), (3), (10) and (11) with a = β−1. Note that (14) are invertible
with determinant ∆ = 1 in the first two equations if 0 < v < V . For v ∈ [0, V ) we have β ∈ [1,∞) monotonically
increasing with v. If (K) is observed from the moving frame (k), then one has to invert (14) and replace v for −v at which
(K)moves with respect to (k), if (k) is considered ‘‘at rest’’, yielding t = β(τ − vξ/V 2), x = β(ξ − vτ), the same as in (14).
If ξ = vτ , then observer in (k) ‘‘sees’’ x = 0, at rest, but t = βτ(1 − v2/V 2) = τβ−1 < τ , contraction of time in (K) if
observed from (k). This same contraction takes effect for τ in (k) if observed from (K) which follows from (14) if x = vt:
τ = β−1t < t .
The relativistic contraction of time is experimentally confirmed by discovery of µ-mesons at the sea level. These are
particles born in cosmic rays that have a short lifetime about 2 µs (in observed τ -time). They are moving with velocity that
equals 99.5% of the speed of light which amounts to v = 2.985 × 1010 cm/s = 2.985 × 108 m/s. With this velocity
and lifetime of τ 0 = 2 × 10−6 s, these particles could enter the atmosphere not deeper than at l = vτ 0 ∼= 600 m.
However, the observed τ 0-lifetime actually represents the contracted natural lifetime t0 = βτ 0 = (1 − v2/V 2)−0.5τ 0 =
(1 − 0.990)−0.5τ 0 = 10 τ 0, during which the particles would enter the atmosphere at l0 = vt0 = 10 vτ 0 = 6000 m that
corresponds to the sea level at which the µ-mesons have been discovered. It means that they exist not by our observations
within the span of τ 0-lifetime, but by their own nature within their natural t0-lifetime.
If we observe a process (clock) unfolding in amoving frame, using rays of light or radar, the unit of time1t in themotion
of that process seems shorter, 1τ = β−11t < 1t . Since the speed of light V = const, so from the postulate (2) it follows
that the length AB in direction of the ray of light used for synchronization of clocks also seems shorter and in exactly the same
proportion β−1 < 1. It implies the contraction of the size of a solid in direction of V and of the velocity v of a moving frame,
and Einsteinwrites: ‘‘For v→ V , all moving objects, observed from the still system, are flattened and transformed into plane
pieces. For velocities exceeding the speed of light, our arguments lose sense; incidentally, from further considerations it will
be seen that the speed of light in our theory physically plays the role of infinitely large velocity’’ [1, Section 4], [2, p. 18].
Remark 3.1. These words of Einstein that ‘‘the speed of light in our theory physically plays the role of infinitely large
velocity’’ do not mean that superluminal velocities cannot exist. So, let us extend Einstein’s ‘‘certain (thoughtful) physical
experiments’’, as cited in Section 2, and suppose that there exists V > c = 3 × 1010 cm/s for signals that may be
discovered in the future. Then, the reader can check that all arguments and formulae (1)–(14) are correct and remain intact
for velocities v ≥ c, v < V , which attests for theoretical possibility of such velocities. Now there is no clear confirmation
thereof in the form of some observed motion or process, though indirect indication of such possibility is presented by the
Vavilov–Cherenkov radiation which is experimentally observed when the phase speed of light c∗ = c/n in a medium with
refractive index n > 1 is attained and exceeded by a charged particle. Since in suchmedia the actual speed of the information
transmitting signals V = c∗ = c/n, so for a charged particle moving at a speed v > c∗, the speed c∗ of information
transmitting signals is exceeded. This speed v ≥ c∗ cannot be observed with signals propagating at the speed V = c∗ in a
refractive medium. Thus, the existence of superluminal velocity in refractive media is proven. Elementary particles cannot
be accelerated to the speed of light c in vacuum because they are propelled by electromagnetic waves that propagate at
that same speed of light c . However, they can be accelerated to a speed v > c∗ since c∗ < c , so velocities v, c > v > c∗
are attainable which explains the Vavilov–Cherenkov effect. As concerns the ‘‘absolute vacuum’’, the very notion of it is
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unclear since realistic physical vacuums are full of electromagnetic waveswhich carry the energy, thus, ‘‘equivalentmasses’’
(Einstein), due to E = mc2.
4. The γ-representation
Taking the time derivative of ξ in (14) with respect to t , we have
p = dξ/dt = −βv = −v[1− (v/V )2]−0.5 = const, if v = const, x = const, (15)
v = −p[1+ (p/V )2]−0.5 = −pγ−1(p), β(v) = γ (p) = [1+ (p/V )2]0.5, (16)
which yields, after the substitution of v(p), β(v) into (14)
τ = β(t − vx/V 2) ≡ γ (p)t + px/V 2, (17)
ξ = β(x− vt) ≡ γ (p)x+ pt, γ (p) = [1+ (p/V )2]0.5, (18)
where parameter p = dξ/dt can be interpreted as the measured velocity; this will be clear from Section 5. It follows from
(15) that v = 0 if p = 0, and if p 6= 0, then v2 < p2 and v2 < V 2, thus, the physical condition |v| < V assumed in [1, Section
4], cf. Section 3, is automatically satisfied. The identities in (17)–(18), on the right, provide the γ -representation for motions
with constant velocities which is based on directly measured derivative p in (15). Squaring the time-space coordinates in
(14) and the same coordinates with p, γ (p) from (17) and (18), we get the expressions for spherical wave propagation in
Einstein’s β-representation (14), and in the γ -representation (17), (18) based on themeasured velocity p, as follows:
0 = ξ 2 + η2+ζ 2−V 2τ 2= β2(x− vt)2 + y2 + z2 − V 2β2(t − vx/V 2)2 (19)
= (γ x+ pt)2 + y2 + z2 − V 2(γ t + px/V 2)2 = x2 + y2 + z2 − V 2t2 = 0. (20)
This means that the observed in (k) spherical waves (19), are identical to initial spherical waves in (K), the last equality
in (20), thus, Einstein’s transformations preserve the identity of initial and observed light propagation waves—a version
of synchronization condition equivalent to (1)–(2). Opening the parentheses in (19) and (20), the reader can verify that
parameters β, v, γ , p algebraically cancel out, thus, the observed, (19) left, and initial, (20) right, waves depend only on
the signal propagation velocity V (the speed of light in Einstein’s consideration), in agreement with the physical sense of
observation process and the synchronization arrangement in Sections 2 and 3.
The simple form of the wave equations in (19)–(20) is due to the choice of zero initial conditions, see [1] or [3, Sec.
7.1]. For arbitrary initial conditions, zeros in (19)–(20) should be replaced by a constant, and squares of coordinates by
differences (x − x0)2, . . . , (t − t0)2, which in differential form with changed sign in (20) yield the Lorentz invariant
ds2 = dt2 − dx2 − dy2 − dz2 for V = 1, cf. [4, Ch. IX, (9.3.7)–(9.3.9)]. In addition, if we take in (19)–(20) the values
ξ = η = ζ = 0 at some moment τ = t ′ > 0, then we have
ds′2 = V 2dt ′2 = V 2dt2 − dx2 − dy2 − dz2, (p, v, V = const), (21)
and if t ′ = 0, as in Einstein’s setting t = 0 for τ = 0 at the origin, thends′2 = 0, andwe return from the invariant of (21) to the
wave equations in (19)–(20). From (19)–(20), it follows that propagation of waves is invariant with respect to both velocities
v and p, which fact is masked in formula (21). However, invariant (21) directly relates to the wave propagation (19)–(20) for
arbitrary information transmitting signal at constant velocity V , and, with normalization condition V = 1 (cm/s), applies
to all kinds of observation signals, hence, it supports the concept of relativity affecting all interacting processes, linked by
any signals, not just by rays of light—the point of view advanced in [3].
There is strong temptation to regard the geometric Lorentz invariant as a pillar of the general relativistic 4D geometry
that defines the structure of the universe. Albeit the importance of this invariant, magnified by the beauty of quaternionic
considerations [4, Ch. IX], is quite clear, it is worth noting that this invariant relates only to signals propagating as spherical
waves at a constant speed V = 1 through isotropic media that are applied to observation of events in two coordinate
systemsmoving in such away that the relative velocity v between the two systems remains constant. In nonlinear relativity
at variable velocities [5], the Lorentz transformations are invalid, whereas Einstein’s transformations (14) can be modified,
so as they become applicable to piecewise linear trajectorieswithmeasured average velocities pn over small intervals of time,
see below.
From the expressions in (15) or (16), the important equality follows
v−2 = p−2 + V−2 (22)
which represents the universal relativistic invariant valid also for variable velocities (by continuity). An important difference
between the β and γ representations is in the fact that the transformations in (14) do not permit |v| ≥ V , whereas the
transformations in (17)–(18), on the right, do allow that p ≥ V , in which case, however, parameter pwill not be observable
(measurable), see Sections 5 and 6.
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5. Identification of velocity through measurement and computation
If we consider the point x, y, z as a known point of observation in a still frame (K) and assume that the value of a
constant velocity v is known and initial conditions satisfy the equations specified in (14), then Einstein’s transformations
(14) completely describe the time and coordinates of a point (ξ , η, ζ , τ ) in themoving frame (k) ‘‘if observed in the still system
(K)’’ [2, p. 15] as functions of (x, y, z, t, V , v). In reality, however, if that point ξ(·) ∈ (k) represents a rocket, asteroid or
spacecraft, then initial conditions of the motion may be unknown, and also velocity v is neither known nor constant. In
such cases, accurate observation of that body ξ(·) is possible only after the velocity v and actual position at some moment
in time are identified assuming that the speed V of the signal (carrier of information) is known and constant, as specified
by the principle of the constancy of the speed for rays of light in Law 2, Section 2. For the general case of variable velocity
v(t) 6= const, the Einstein transformations (14) can be used if average velocities are introduced on a discretized trajectory,
which velocities are being identified over the intervals where observation of the moving body is required.
5.1. Design of experiments
Consider a still point x0 on the X-axis of a still frame (K) at which point a source of light is fixed beaming along the X-axis
with short pulses of light. The reader can imagine the origin of (K) at the centre of Earth, the point x0 at the top of a hill at
a place with clear air and good weather, the axis 0x pointing to the outer space where an asteroid ξ(t, x0) is observed at x0
moving along the right line 0x with y = z = 0. Short pulses can be extracted from a continuous beam of light with a thin
evenly perforated disc with windows (openings, gaps) of 1 mm wide and closures of the same or different width rotating
with a high speed in a vacuum enclosure. To control the pulses, the vertical shaft of the disc can be turned at small angles to
the vertical and the speed of rotation can be varied. The stand is similar to the setup of Fizeau [6] and Cornu [7], see also [8,
pp. 1276–1277] for details and calculations.
Consider the time moments tn = n1t, n = 0, 1, . . . at which pulses are sent to the asteroid and the later moments
t ′n = tn + 1tn, at which reflected light of those pulses is received at the same point x0 where the source of light is located.
Here, the increments1t and1tn are small finite time differences such that the ray of light (pulse) sent at tn is reflected and
received back at the moment t ′n, n = 0, 1, . . . . The length of discretization interval1t can be varied at will through the disc
control [7].
5.2. Computation of the average velocities of (k) as observed in (K)
We shall use the scheme of Einstein, with a difference that, instead of sending a ray ξ → x′ → ξ (there are no people
on asteroid who could send that ray to the point x′) in order to synchronize the timing of events at ξ ∈ (k), on asteroid,
and at x′ ∈ (K), see Eqs. (10), (11), the rays are sent in opposite directions x0 → ξ → x0, to measure the actual distances
to the points of reflection of the rays from the moving asteroid, whatever its velocity v(t) may be. We assume that v > 0
corresponds to the direction of increasing x, same as in the model of Einstein, Section 3, so that the asteroid moves away
from the Earth.
At a moment tn when a pulse is sent, the body (asteroid) is at some unknown distance from x0. When the pulse is
reflected, the body is at a greater distance xn which can be computed, upon reception of reflected ray, by the formula:
xn = 0.5V1tn, although at the moment t ′n = tn + 1tn of reception, the body will be at still greater (unknown) distance
from x0. Sending the next pulse at the moment tn+1, we can compute in the same way xn+1 = 0.5V1tn+1, yielding
1xn = xn+1−xn = 0.5V (1tn+1−1tn)where time increments aremeasured at x0. The last equation holds for all n = 0, 1, . . .
and any constant speed V of the pulse signal. Between two subsequent reflections, the body has moved at a distance
1xn = xn+1 − xn = 0.5V (1tn+1 −1tn) =
∫ b
a
w(t)dt = wn(b− a) (23)
= wn(tn+1+0.51tn+1−tn−0.51tn) = wn(1t +0.51tn+1−0.51tn). (24)
Herew(t) is the unknown velocity of the body with respect to the time t as observed from the still frame (K) on Earth, and
in (23) we have used the first mean value theorem for integrals with wn as a notation for yet unknown average velocity
on the interval (a, b) specified in (24). Comparing the entries in (23), (24) where xn = 0.5V1tn (n = 0, 1, . . .) are already
computed, we find
wn = V (1tn+1 −1tn)/(21t +1tn+1−1tn) = 2(xn+1 − xn)/(21t +1tn+1−1tn), (25)
which allows us to computewn through measurements of the time increments in (25).
We have1tn+1 > 1tn since xn+1 > xn, so that
21t +1tn+1−1tn = 21t + ε, ε > 0, (26)
and if1t → 0 then ε = 1tn+1 −1tn → 0, since the whole sequence of pulses contracts into one single pulse. In this case,
from (25) it follows:wn = 1xn/(1t + 0.5ε), yielding
1xn /1t = wn (1t + 0.5ε)/1t > wn, n = 0, 1, . . . , (27)
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and as 1t → 0 we get, in the limit: dx/dt = w(t)[1 + 0.5 lim(ε/1t)] = w(t), since ε/1t is positive, so its limit must be
zero according to definition of the mean valuewn > 0 in (23). If dx/dt = w(t) = p = const, thenwn = p, and we return to
the model of Einstein with v = const, for which transformations (14) hold.
If we consider discretization of motion with varying average velocities wn between adjacent pulses, it is clear that over
each interval (a, b) = (tn + 0.51tn, tn+1 + 0.51tn+1) in (23)–(24) the motion with variable speed w(t) is represented by
the uniformmotion with constant average velocitywn, and relativistic transformations (17)–(18) with constant parameters
vn, pn = wn (n = 0, 1, . . .) of (25) are valid over those intervals. Computed by (25) values of wn can be substituted for p
into (16) to compute vn, βn for use in the transformations (14). However, it is much simpler to use pn = wn of (25), then
compute γn = γ (pn) from (16), and approximate the trajectory making use of the identities in (17)–(18), on the right, for
the γ -representation.We see that relativistic transformations (14), (17)–(18) derived for the relative velocity v = const can
be used with discretization and on-line observation of the actual motion in appropriate segments along its trajectory.
6. Relativistic limit of observable velocities
In order that distances xn (n = 0, 1, . . .) in (23) could be measured, it is necessary and sufficient that the pulses of light
sent from x0 could reach a bodymoving away and be reflected from it at some distance xn = x0ξn = 0.5V1tnwhich requires
that the average velocity p′n over the segment [x0, ξn] be less than the speed V of rays of light, thus, p′n < V . If the body is
moving toward x0 (asteroid moving to Earth), then, to detect it in time, the reflected ray must propagate faster than the
moving body, thus V > −p′n, yielding |p′n| < V . With this condition, Eqs. (23)–(27) are valid and determine the average
velocities wn = pn over each subinterval1xn, so that the general average p′0 = Σn0pn/n < V ,∀n. If p = dx/dt = dξ/dt =
const, then pn = p′n = p = const, and we have the necessary and sufficient observability condition |p| < V , where V is the
speed of propagation of the actually employed information transmitting (measuring) signal. This condition implies
β(v) = γ (p) = [1+ (p/V )2]0.5 < 20.5 for |p| < V . (28)
Solving (28) for v in accordance with the definition of β(v) in (14), we obtain the observability condition for the relative
velocities of (k)with respect to (K):
|v| < 2−0.5V = 0.7071V ∼= 212 132 km/s. (29)
If (29) is satisfied, and only in this case, the speed p = dξ/dt can be measured, as described in Section 5 above, and then
v can be computed by (16) or (22). If v(t) 6= const, then v in (29) means the average speed over every interval of reflection
in translational motion of a body along a right line. We see that, although Einstein’s transformations (14) are valid for any
constant velocity |v| < V , as specified in (8)–(10), they are usable for the measurement and computations (i.e., in direct
observation and control of motion) only for |v| < 2−0.5V . This result is valid also for variable velocities v, V , pwhich follows
from the universal relativistic invariant (22) if |p| < V . Indeed, multiplying (22) by v2, we get (v/V )2 + (v/p)2 = 1, and for
|p| < V we have (v/V )2 < 0.5, as in (29).
Denoting the relativistic phase angle ϕ = arcsin(v/V ), we have by (14) sinϕ < 1, ϕ < 90◦. However, the motion (aster-
oid) can be observed by radar only if sinϕ = v/V < 2−0.5, ϕ < 50◦, for which 1 ≤ β = secϕ < 20.5 ∼= 1.4142, as per (28).
7. Relativistic transformations for motions with observed velocity
One can notice that the principle of relativity which postulates the invariance of physical laws for systems moving
with constant velocities along right lines with respect to each other is not used in derivation of the time and coordinate
transformations (14). Furthermore, the constant velocity v is just a special case of a variable velocity v(t), so from physical
point of view, it is reasonable to expect that relativistic transformations of sorts may exist for variable velocity, whichwould
present a generalization of Einstein’s transformations (14) derived for the special case v = const. Since 1t in (27) can be
arbitrarily small and the limit in (27) as1t → 0 exists, the considerations in Section 5.2 present a discrete approximation for
those generalized relativistic transformations in two forms according to identities (16)–(18) where v, p should be indexed
by n = 0, 1, . . . .
Discretization proposed above is necessary because if v(t) 6= const, Einstein’s equation (4) is invalid, thus, vacating
relativistic transformations (14) and relations (15) to (18). However, all those relations are valid for each interval with a
constant average velocity in the discretized model of a motion given in the image ξ(t, x0). Since the velocity identification
process can be performed on a chosen piece of trajectorywithout prior consideration of the precedingmotion froma starting
point, with the interval1t > 0 in (24)–(27) chosen as small as need be, the proposed averaging method can be effectively
used in case v(t) 6= const, with transformations based on computed wn = pn < V , vn = v(wn) < 2−0.5V . The resulting
transformations follow from (16)–(18) with x0 = x = const:
τ = βn(t − vnx/V 2) ≡ γnt + wnx/V 2, vn= −wn γ−1n , βn= γ n = [1+ (wn/V )2]0.5 < 20.5, (30)
ξ = βn(x− vnt) ≡ γnx+ wnt, t ∈ [tn + 0.51tn, tn+1 + 0.51tn+1], n = 0, 1, . . . , (31)
wn = V (1tn+1 −1tn)/(21t +1tn+1 −1tn), τn = τ(tn + 0.51tn), ξn = ξ(tn + 0.51tn). (32)
In (30), (31), the values τ(t), ξ(t) are the image time and distance provided by the transformations over time intervals in
(31), whereas the values τn, ξn in (32) are the observed time and distance of reflection of rays of light from a body in space
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computed for the known values x, V and the measured time intervals in (31)–(32). The functions τ(t), ξ(t) in (30)–(31)
present continuous piecewise linear trajectories that tend to some continuous transformations in the limit for 1t → 0
which are not identical to linear transformations (17)–(18), as demonstrated by the following example.
Example 7.1. For variable speeds less than 3000 m/s (9 mach), we have [p(t)/V ]2 < 10−10, so that, due to (16), one can set
β(v(t)) = γ (p(t)) ∼= 1, although we still have a motion with variable speed−v(t) ∼= p(t) = dξ/dt 6= const. For this case,
we have according to (18): ξ = x+ tdξ/dt, x = const. Writing this equation in the form: d(ξ/t)+ xdt/t2 = 0, we obtain
the integral ξ(t) = x+ (ξ0 − x)t/t0, ξ(t0) = ξ0, t0 > 0, thus, dξ/dt = const. This example shows that the exact constancy
of the speed v, and p, is not only sufficient for derivation of transformations (14), (17), (18), but it is also necessary for their
very existence in this form, no matter how small may be deviations of the speed from a constant value. Hence, relativistic
transformations formotionswith variable speedmust have a form different from (14), (17), (18). This proves the expedience
of the piecewise linear approximations (30), (31) as a way to bypass difficulties related to possible variations of the speed
of moving frame (k)with respect to a still frame (K).
Remark 7.1. If system (k), moving along a right line by inertia with velocity v = const, starts to accelerate or makes a turn,
then its velocity varies and all the processes that were unfolding in (k) at v = const are modified due to v(t) 6= const.
For this reason, within the intervals t ∈ (tn + 0.51tn, tn+1 + 0.51tn+1) of constant velocities wn in (31), the processes
observed in (k) from a still frame (K) in coordinates τ(·), ξ(·) of (30) and (31), with the approximation of variable velocity
v(t) by the averages vn over those intervals, present approximations to those modified processes at v(t) 6= const which
are physically different from the processes that would be observed in a system moving with a constant velocity, and
these approximations contain distortions and contractions produced by relativistic transformations as demonstrated in [3].
To retrieve the processes that would have been unfolding during the motion by inertia, an additional transformation is
necessary which would take into account the dynamics of the non-uniform motion of system (k) with respect to the still
system (K). Such questions are beyond the scope of this paper.
8. Abstract time and real time
Observers at A and B clearly do not physically coincidewith the points A and B, thus, to be observed (received, registered),
the time estimates of the moments of arrival at A and B in (1) must be transmitted to the observers near A and B visually or
otherwise, by a physical process which takes some time δ > 0. Thus, if we want to consider in (1) the time estimates of the
moments registered by a sensor (observer), we have to agree that those estimates of themoments of arrival of the ray of light
at A and B will not be received by the observers, or registered by the sensors, at the very same instants as the light arrives
at those points, but a little later. It means that reception, or registration, of time estimates of arrivals is not simultaneous
with the actual arrival time of the ray at A and B but relates, in fact, to past moments, due to a finite speed of information
transmittal to the sensors (observers). Hence, if we want to consider the real time estimate registered by a sensor, not some
arrival that actually occurred but is not yet detected (received), we have to replace the moments in (1) by the instants of
actual reception of past arrivals, and add to tB certain time interval τ o ≥ 0 of reflection in themirror at Bwhich time interval
is contained in the time differences of (1) if reflection in the mirror is not instantaneous. This renders the equation for the
experimentally observed time estimates that correspond to the genuine moments of arrival already past:
(tB + τ o + δB)− (tA + δA) = (t ′A+δA)− (tB + τ o + δB), δA, δB ∈ (0, δ]. (33)
The time estimates in parentheses we call the real time, which is the instants registered by a sensor as times of arrival.
The moments indicated in (1) we call the abstract time. The real and abstract times do not coincide, except for an unlikely
event when τ o + δB = δA = 0 throughout the whole time interval of observation.
Abstract time in not a fictitious moment—it has really occurred but cannot be known at the very moment of arrival. It
can only be estimated up to some precision and with a delay equal to duration of information transmittal by an available
physical process. Classical relativity theory operates with the abstract time, thus, ignoring delays due to the information
transmittal. Of course, this simplifies the analysis, but makes its results subject to additional imprecision which in some
cases may be quite large and comparable with purely relativistic effects. For this reason, it is interesting and important to
consider the parallel representation of relativity theory in the real time, and to compare it with the classical representations
and results obtained in the abstract time.
If information transmittal were instantaneous, or if it is ignored, then the abstract and real time coincide. The abstract
time is undetectable as an exact moment. The abstract time t is the time considered in thought experiments which is the
time past and uncertain, being in a left δ-neighborhood of the real time t∗ = t + δ given in observations. It means that
the synchronization of clocks postulated in (1) is different from the moments indicated by the clocks which contain the
time of information transmittal and the time of mirror reflection τ o that may be positive of the order 10−10 s, which awaits
experimental confirmation [8, Sec. 5.4]. The synchronization in (1) is, in fact, a δ-synchronization within somemargin δ > 0
of time uncertainty. Since δ is of the same order as relativistic effects, it should be given thorough consideration.
Difficulties with synchronization have long been known in special relativity. In [1] Einstein writes: ‘‘So, we see that
one should not ascribe an absolute sense to the notion of simultaneity. Two events, simultaneous while observed in one
coordinate system, are not perceived as simultaneous while observed from a system moving with respect to that system’’.
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[2, p. 13] Furthermore, ‘‘If at point A there are two synchronized clocks and one of them is being moved along a closed curve
with a constant speed v until it comes back to A (which takes, say, t s), then this clock upon arrival at A will be lagging in
comparison with the clock remained still at A by 0.5t(v2/V 2) s’’. [2, p. 19]. In 1949, Albert Einstein wrote: ‘‘Es gibt keine
Gleichzeitigkeit distanter Ereignisse’’ (There is no such thing as simultaneity of distant events [9]). One can add: also of
close events, and for a different reason independent of relativity. Indeed, relativistic impossibility of synchronization follows
from contraction of the abstract time that can be large at high velocities (up to 50% for v ∼= V ). In contrast, impossibility
of exact synchronization of the abstract time through the actually observed, thus real, time follows from a finite speed of
information transmittal, does not depend on a state of motion, and affects all processes, measurements, and computations.
This carries a problem not only for an abstract theory, but for very practical things. Computers and other time sensitive
devices cannot be exactly synchronized (up to zero, not up to a second or microsecond), even if they are located in the
same room. Physical processes cannot be exactly described by ODEs or PDEs; to agree with data given in observations, they
should be described by delay differential equations, DDEs. Fortunately, the exact synchronization is usually not required.
Engineers and economists are used to the uncertainty of everything they do. Real life processes in physics, biology and other
natural sciences do not admit time dependent exact solutions. In fact, some beautiful results felt or thought to present exact
solutions are imbedded (floating) in an uncertainty band without possibility to locate them within that band. If the band
remains narrow in the course of time (stability), then it may present a viable real life solution.
In fact, the non-simultaneity caused by time delays due to information transmittal is much greater than the non-
simultaneity due to relativistic contraction of time at usual velocities less than the speed of sound (340 m/s, in the air at
15 ◦C). Indeed, if we suppose that information is carriedwith the speed of light V = 3×1010 cm/s over the length l = 10 cm,
then from the equation δ = l/V = 0.5 tv2/V 2 s, where on the right stands the lag indicated by Einstein in [1, Section 4]
or [2, p. 19], we have v2 = 2lV/t , and for t = 1 min = 60 s we get v ∼= 105 cm/s = 1 km/s. This means that contraction
of the time during one minute of speeding at 1 km/s (supersonic flight at 3 mach) is equal to the duration of information
transmittal over 10 cm to a clock at rest.
9. Synchronization equation in real time
Since all physical processes depend on the real time of events, after information thereof has been transmitted and received,
we need to include delays due to information transmittal into the equations of relativity theory. According to Einstein’s
notation, the synchronization condition (1) written in the form (3) with time delays as indicated in (33) implies that in the
real time the synchronization equation (4) has a different form:
0.5[τ0(0, 0, 0, t + δA)+ τ2(0, 0, 0, {t + δA + x′/(V − v)+ x′/(V + v)})]
= τ1[x′, 0, 0, t + τ o + δB + x′/(V − v)], (34)
which means that signals for the image time in (34) are received later, thus, the real time solution of (34) contains delays
due to information transmittal from points of arrival to the sensors (clocks, observers) that register the time τ . To find a
linear function τ ∗(·) that solves (34), we have to use, instead of (5), a non-homogeneous linear function:
τ ∗(x′, y, z, t) = a(t + p)+ b(x′ + q), a, b, p, q = const, (35)
yielding, instead of (6), the identity:
0.5[a(t + δA + p)+ a{t + δA + p+ x′/(V − v)+ x′/(V + v)}]
≡ b(x′ + q)+ a[t + τ o + δB + p+ x′/(V − v)], ∀t, ∀x′. (36)
Now, repeating the same arguments as in (7)–(10), one can see that identity (36) holds if and only if a, b and q are chosen
from the equations
b+ av/(V 2 − v2) = 0, bq+ a(τ o + δB−δA) = 0, (37)
which, due to (35), yields the real time transformation:
τ ∗(x′, y, z, t) = a(t + p)+ b(x′ + q) = a[t − vx′/(V 2 − v2)] + ap− a(τ o+δB−δA). (38)
In the abstract time (without delays), we have τ ∗ ≡ τ of (10), thus, p = 0, yielding
τ ∗ = a[t − vx′/(V 2 − v2)] − aδ = β(t − vx/V 2)− β−1δ, δ = τ o+δB−δA . (39)
The reader can see that (39) satisfies (12) for the Y -axis, and the same for the Z-axis, since the term −aδ cancels out.
It is instructive that transmittal delays are calibrated by the same factor a = β−1 as the expression defining τ -time of
(k) in (10), (14). If t∗ = t − δ could be observed at past moments of the abstract time t as appears in (39), left equality,
and considered instead of t-entry in (10), then (39) would coincide with (10), (11), up to notation t := t∗, leading to the
same transformation for τ ∗ = (t∗, ·) in (39) as for τ(t, ·) in (10), (14). However, such ‘‘advance observation’’ is physically
impossible because the ray of light is sent [1] at the moment τ0 = tA and cannot be ‘‘observed’’ earlier at tA − δ in order
to compensate for information transmittal delays. The observed τ ∗-image in (K) corresponds to its source process in (k),
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whereas moments in the abstract τ -time are undetectable. Observed data are always in the real time. If computations using
those data are made with the abstract time formula (10), or (11), assuming δ = 0, then unexpected substantial errors may
be introduced in computations. Note that t in x′ = x−vt is notmeasured, thus, not subject to time delays due to information
transmittal.
10. Relativistic observation and control in real time
Using the real time τ ∗ of (39) instead of the abstract time τ in (11), (14), and the value a = β−1 where β is the Einstein
calibrating factor from (14), see Section 3, the complete set of relativistic transformations in the real time is as follows:
τ ∗ = τ − aδ = β(t − vx/V 2)− β−1δ ≡ γ (p)t + px/V 2−γ−1 δ, |p| < V , δ = τ o+δB−δA, (40)
ξ ∗ = ξ − Vaδ = β(x− vt)− Vβ−1 δ ≡ γ (p)x+ pt − Vγ−1 δ, β = [1− (v/V )2]−0.5 < 20.5, (41)
η∗ = y− Vβ−1 δ = y− Vγ−1 δ, ζ ∗ = z − Vβ−1 δ = z − Vγ−1 δ, γ = [1+ (p/V )2]0.5 < 20.5. (42)
Affine transformation formulae (40)–(42) reflect the fact that the real time relativistic transformations present an affinely
connected time-space structurewith affinors being conditioned on the actually interacting physical processes. This structure
becomes a homogeneous 4D time-space if time delays due to information transmittal are ignored.
Real time transformations (40)–(42) are valid for constant velocities v and p = dξ/dt . In practical case of variable (or
unknown) velocities v, p, the average velocities vn, pn should be introduced as shown in (30)–(32) and identified (measured)
over the time intervals of (31). With these average velocities vn, pn = wn (n = 0, 1, . . .) used in (40)–(42) instead of v, p,
the new equations for transformations in the real time over discretized trajectories similar to (30)–(32) with time delays
as in (40)–(42), or similar to (40)–(42) discretized as in (30)–(32), are obtained that can be used in relativistic control of
motion, if the initial conditions are appropriately arranged.
Recall that Einstein’s arrangement of initial conditions is τ = t = 0 with all zero coordinates at that moment,
see [1, Section 3], or [2, pp. 15–16], or [3, pp. 1560,1563], which clearly complies with (14), (17), (18). This implies that
successive observations must be performed from the start of the motion, without interruption. Such strong requirement is
not necessary. Instead, we can begin observations at any moment tn ≥ 0 in (31) with pn = wn < V computed by (25),
and vn, βn, γn determined from (30). Then with t = tn, ξn = xn = 0.5V1tn we can compute x0 = x = const from (31),
then τn of (32), and continue for a number of intervals n = 0, 1, . . . , n1. At a later moment t ′0 > tn1, the second sequence of
observations can be obtained for use in stabilization and control over another piece of trajectory. The observability condition
(28) applies, as indicated in (40), and control function u(·)must depend on the observed real time coordinates in (40)–(42)
discretized as in (30)–(32) and on the real time components of velocity p∗ = (p1p2p3) = (dξ ∗/dt, dη∗/dt, dζ ∗/dt) where
time uncertainties Vγ−1δ are cancelled by differentiation.
In Section 10 of [1] entitled ‘‘Dynamics of weakly accelerated electron’’ Albert Einstein writes (translation from
[2, pp. 32–34], notations and format by Einstein):
‘‘Suppose that in electromagnetic field a point-wise particle is moving with electrical charge ε (called ‘‘electron’’ in the
sequel), and about the law of its motion we shall assume only the following.
If an electron is at rest during certain interval of time, then at immediately following time moment the motion of the
electron, since it is slow, will be described by equations:
µd2 x/dt2 = εX, µd2 y/dt2 = εY , µd2 z/dt2 = εZ, (43)
where x, y, z are coordinates of the electron, and µ is the mass of the electron.
Further, suppose that the electron during certain interval of time has velocity v. Let us find a law according to which the
electron is moving at immediately following thereafter time moment.
Without loss of generality, we can assume, and we assume indeed, that at that moment, when we begin observation,
our electron is at the origin and is moving along the X-axis of system (K)with velocity v. In this case, it is clear that at that
moment of time (t = 0) the electron is at rest with respect to coordinate system (k) moving parallel to the X-axis with
constant velocity v.
From the above assumption combined with the principle of relativity, it follows that equations of motion of the electron
observed from system (k) during time immediately following after t = 0 (at small values of t), have the form:
µd2 ξ/dτ 2= εX ′, µd2 η/dτ 2= εY ′, µd2 ζ/dτ 2 = εZ ′, (44)
where denoted by ξ, η, ζ , τ , X ′, Y ′, Z ′ values are related to system (k). If we also set that for t = x = y = z = 0 we have
τ = ξ = η = ζ = 0, then the formulae of transformations from Sections 3 and 6 will be valid, thus, the following equations
will hold:
τ = β(t − vx/V 2),
ξ = β(x− vt), X ′ = X,
η = y, Y ′ = β(Y − vN/V ),
ζ = z, Z ′ = β(Z + vM/V )’’.
(45)
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Here X, Y , Z, L,M,N are components of the electric and magnetic fields tension that may be subject to controls u(·)
depending on the position and velocity of amoving particle. For a bodymoving in a still system (K), equations (43) represent
Newtonian equations of motion for a mass µ = m, ε = 1, under a force with components X, Y , Z , and equations (44)
are their counterparts related to system (k) in the observed relativistic coordinates with transformed forces which in the
case of electromagnetic field are presented in (45). To stabilize and control the motion of the body (a particle), a control
function u(τ , ξ , η, ζ , p1, p2, p3) can be used which depends on the parameters observed in (K) about the motion of the
body, system (k), not those related to the particle in its proper coordinates (43). This is a major difference between the
relativistic feedback control of a flying drone from the Earth and the usual non-relativistic self-control of an aircraft by
the pilot, or a car by its driver. Another difference is the use of the real time velocity p∗ with coordinates indicated above.
Clearly, the limit on physically observable velocities applies, see Section 6, as well as the coordinate uncertainty indicated in
(40)–(42).
Measuring distances by the rays of light explains the large factor V = 3 × 1010 cm/s = 300 000 km/s in (41)–(42)
that magnifies the effect of small time delays in (40) between actual arrivals of the rays and their reception (detection) by
sensors, which affects themeasurement, computation and control. This effect is not critical when low speed signals transmit
the information between processes interacting in real time.
If δ = 0, transformations (40)–(42) coincide with transformations (14) and (17)–(18). If δ = 0 and v = 0, then (40)–(42)
become trivial identities. However, if δ 6= 0, v = 0, then (40)–(42) present ‘transformations at rest’ relative to the information
transmitting signals alone. In case of classical relativity, those signals are rays of light or radar in moving media, v 6= 0. In
general, those signals may be any signals propagating with some velocity V 6= 0 in media at motion (v 6= 0) or at rest
(v = 0) between sensors (observers) at a distance. In this general sense, relativities are all around us, synchronizing physical,
chemical, and other life processes in their co-existence and interaction.
Given (ξ ∗, η∗, ζ ∗, τ ∗, δ), Eqs. (40)–(42) are invertible for (x, y, z, t), and allow us to retrieve actual processes in amoving
frame (k), given their images observed in the still frame (K) in coordinates (ξ ∗, η∗, ζ ∗, τ ∗). Since δ cannot be known exactly,
it is important to evaluate its influence on the real values of time and coordinates in (40)–(42) of which (41)–(42) contain
the common deducted value corresponding to the time delay in reception of information. Themeasured distances ξ ∗, η∗, ζ ∗
in (41)–(42) are less than the true distances by the value:
∆ = Vβ−1 δ = Vγ−1 δ, β−1 = γ−1 > 2−0.5 ∼= 0.7071. (46)
For the case δB = δA we have δ = τ o ∼= 10−10 s, thus, with a = β−1 ≤ 1 distortion of time is negligible. On the
contrary, distortion of distances (coordinates) may be quite large. Indeed, for velocities v ∼= 300 m/s with the speed of
light V = 3 × 108 m/s, we have β−1 = [1 − 10−12]0.5 ∼= 1, thus, ∆o = Vβ−1τ o = 0.03 m = 3 cm. However
for δ = 0.1 s, we have ∆ = Vβ−1δ = 3 × 107 m = 30 000 km (equatorial diameter of Earth is 12756 km).
Imprecision (46) is present in measurements of all three distance coordinates in (41)–(42), even at rest if v = 0. Thus,
the real time measurements delivered by a ray of light or radar may include substantial errors in measurements of
location.
In practice, the value of δ in (40) is included in the time measurements. Indeed, Einstein writes in [2, p. 16]: ‘‘If no
suppositions are made about the initial position of a moving system and a zero point of the variable τ , then to each right-
hand side of these equations one has to append one additive constant’’. It means that, if the above equations are used with
real timemeasurements, then those additive constants are already included in the real time transformations in accordance
with the actually realized value of δ.
For the case of variable velocity v(t) 6= const, it is clear that discretized transformations (30)–(32) in the real time
with average velocities vn, wn contain similar time delays as in (40)–(42). However, the time differences in (23)–(26) and
(32) do not contain time delays due to information transmittal which delays are cancelled out. The same relates to the
time differences 1t = tn+1 − tn and 1tn = t ′n − tn, so the only imprecision in the average velocities wn of (25) and
the measured distances in (23) is the imprecision of the measured speed of light V , see [8]. This is an important advantage
of the identification method, Section 5, based on measured time differences, which excludes time delays due to the finite
speed of information transmittal.
Theoretically, if v → V in (14), then β → ∞, and we see that τ → ∞, ξ → ∞ in (14), and also τ ∗ → ∞, ξ ∗ → ∞
in (40)–(41) if v → V , without observability condition. Thus, physical processes in (k) become undetectable since their
images in (K) cannot be obtained in a finite time. Moreover, in the situations when themeasured velocity p is close to V , the
accurate observation becomes impossible. If V is the speed of sound, or a lower speed, the ratio p/V becomes of paramount
importance, and if it is close to 1, or |v|/V is close to 2−0.5 = 0.7071, the measurements would produce deceptive images
and wrong results. For example, if a particle in accelerator is moving at a speed v ≥ 2−0.5c = 0.7071c ∼= 212 132 km/s,
then themotion is unobservable in themodel of Einstein, and in its reverse (Section 5), though its passing at some pointmay
be detected and registered, with a delay, at which moment of registration the particle would have already moved away and
be located at some unknown distance from that point. From this fact, it immediately follows the non-locality in quantum
mechanics which has generated much interest in the literature [10–15]. The experimental non-locality implied by time
uncertainty and by the natural limits on observable velocities does not cancel the classical particle-based atomic models. It
defines the limits on point-wise experimental observation (detection) of certain phenomena that include precise positions
and velocities of those elementary particles.
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11. Conclusions
In this paper, the relativistic limit of observable velocity is found which is 30% less than the speed of the information
transmittal signals used for observation and time synchronization. The γ -representation and the average velocities are
considered with discretization of a continuous trajectory which velocities are measured using the scheme in reverse to
the model of Einstein over time intervals of interest. In this way, continuous piecewise linear approximations of the
relativistic transformations along discretized trajectory are obtained which can be used for observation and control of
motion in real time at a distance from a moving body. The use of time and distance differences cancels out certain time
delays due to information transmittal, as well as the imprecision of the measuring instruments. The results can be used for
developing relativistic observation and control methods, with important applications in particle accelerators, in detection
and observation of asteroids, and in automatic control of processes and spacecrafts.
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